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310 PROCEEDINGS OF THE AMERICAN ACADEMY 



XXI. 
INVESTIGATIONS IN QUATERNIONS. 

THE THESIS OP A CANDIDATE FOR MATHEMATICAL HONORS CONFERRED 
WITH THE DEGREE OF A.B., AT HARVARD COLLEGE, AT COMMENCE- 
MENT, 1877. 

By Washington Irving Stringham. 

Presented by Professor Benjamin Pelrce, Jan. 9, 1878. 

L Logarithms of Quaternions. 

1°. Hamilton proves (Lectures, p. 546) the following theorem : 
The tensor of the sum of any number of quaternions cannot exceed 
the sum of their tensors. 

If p and q be any two quaternions, then 

T(j, + qy = (p + q)(Kp + Kq) = Tp* + Tj* •+ 2S.pKq 

= Tp 2 + Tq 2 + 2TpTqSXJ.pKq 

= (Tp + Tq) 2 - 2T P Tq(l - STJ.pKq) ; 

and since the scalar of a versor cannot fall outside the limits rfc 1> 

.-. T(p + q) -<Tp + Tq. 

The same proof holds for any number of quaternions, and gives in 
general 

T(p + q + r + ...)-<Tp + Tq + Tr + ... 

On the foregoing theorem depends the test of convergence of the 

series 

Let 2 n represent the first n terms of 2; S = the series formed by 
the tensors of 2; S n = the first n terms of S. The terms of S are 

represented by the general form — - = a„. Each successive term of 
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this series is formed by multiplying the preceding term by a factor of 

the form — . But n continually increases, while Tq remains constant. 

Hence, however great a finite value Tq may have, n will finally become 
greater than Tq, and still remain finite. It will therefore be possible 
to take n so great, and still finite, that the ratio between the last two 
terms of S n shall be finitely greater than unity. Insert k, a finite 
quantity, between this limit and unity. Then 

> h > 1, whence 



«»-f i 



<tn + i <p «» + 2 <—^- <p> and m general a n+p <— . Then, 
designating by S„ tP the p terms from a n to a n+p _ 1 inclusive, we have 

_1 



S*,,— an + a» + i+.. .-\-a n+p - 1 <a n (1 + t + • • • + r^zi) 



or 



k 

"When p = co, S^ p <a„ , ,, and therefore »$„,„ is finite, and since 

S n is finite, therefore S H -\- S^„= S is finite, and S is convergent. 
But T2 — <[ S and . • . T£ is finite. If the tensor of a quaternion 
is finite, the quaternion is finite ; and hence, as was to be proved, the 
series 

Z=l + q + £ + ... 

is convergent. This series is the exponential of quaternions, and may 
be designated by the usual symbol 6*. It is a quaternion complanar 
with q. 

2°. In ordinary scalar analysis, the fundamental principle of the 
exponential function consists in the relation 

69 + 2'= 6«6«', 

where q and q' are numbers. In quaternion analysis, this principle 
holds good only for complanar quaternions, in which the commutative 
property always obtains. The proof I give is precisely similar to 
that given for complex scalar quantities by MM. Briot et Bouquet, 
Fonc. Ellipt. p. 89. 
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Let 2 n , S„, -Z" n , represent the sums of the first n terms of the 
series which define the functions <3 q , 6 s ', 6 s + s ': — 

* as =i+f+2-:+... ?n - 1 



2!^ - ••(„_!)!' 



^ n = l + ? '+g + . 



1 + (8- + «0 + ■ 



(—1)1 
fa + g')"- 1 



Also, represent the functions 6 Ts , 6 Ts ', 6 Ts + Ts ', down to « terms, 
by 

<? — i _I_ Tv, _l_ T ? ' _J_ TV"- 1 

^ = i +( T ?+ w)+--- (T9 ( :.! ? ;!r v 

Of this last series, take the sum of the first (2n — 1) terms : — 

g»_ is= i + ex, + Tg0 + • • • + (T? +_tr 2 - 

By developing the numerators of &"„ and #" 2n _i, and effecting the 
product S n S' n , we shall discover (since the multiplications are commu- 
tative) that all the terms of <S" n are to be found in the product S n S'„, 
and that all the terms of this product are completely represented by 
corresponding terms in S"2n — l • Hence 

When n increases indefinitely, S" n and S"2n— l tend to the same limit 

QTs+Tg'. 

n = 05 

The property, that the tensor of the sum of any number of quater- 
nions is as small as the sum of the tensors, together with the fact that 
the terms of the expression (2 n Z' n — 2," n ) have for their tensors the 
corresponding terms of (S n S' n — S" n ), gives 

T(J^'„ - ^" B )-<5„5'„ - £"„, 

and . • . lim T(Z n Z' n — Z\) = 0. 

n = <x> 
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Now when Tq is null, q itself is null, and 

.•.lim(2^». — 2"„) = 0. 

Thus at the limit 2 n Z' n = -T' n , 

or e q 6 g ' = G< l + 9 '. (1) 

This proof includes the proof of G4=G Sq G Vg , since in the products 
of scalars with vectors the commutative property holds. 

With diplanar quaternions, formula (1) is not true, since such qua- 
ternions are not commutative with each other. 

3°. Defining the five quaternion functions 6*, sin q> cos q, Sh q, 
Ch q, by the five series 

00 o" a 2 s 

(a) 6 . = ^L. I== i + ,_|_| r + |L_|_... 

(b) sin q = 2 (-)" S =? _|1_|_|1_... 

V ' * V ' (2«) ! 2 ! ' 4 ! 

M s^=f(^+irr = ? + ^ + lr + "- 
» Ch * = # -fer = 1 + lr + £ + --- 

we have, by adding (d) and (e) 

Q"=Chq-\-Sh q, (2) 

and by taking for q the particular value Vq, 

6 Vl =ChVy+ShVj; 

whence observing that 6* = 6 s? 6 y? , we obtain the important general 
formula 

6 s = 6 s ' (ChYq + ShV ? ). (3) 

If t denotes any value of y' — l which is commutative with q, for- 
mulae (b), (c), (rf), and (e) give 
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sin q\ = i Sh q, cos q\ = Ch q, 

Sh qx = i sin q, Ch ^i = cos q ; 

and (2) gives 

6 9i = cos q -\- i sin 9. (4) 

Thus, taking TVq for q, and UVg for t, we can write formula (3) as 
follows : — 

6« = 8 « (cos TVq + Wq . sin TVq). (5) 

In the special case of a vector, (3) and (5) become 

6" — Ch a + Sh a (3)' 

6« = cos Ta -|- U« sin Ta, (5)' 

where « is any vector whatever. 

4°. Formulae, analogous to those just given, may be deduced for 
biquaternions. 

Let Q = q l -\- tg 2 , where i = J — 1 (a scalar), and q, and q 2 are 
complanar. We have UV^ = ± UVg^. Since i is commutative 
with any quaternion, we have, by (4), — 

6^82 = (cos Vq 2 -f- i sin Vq 2 ), 

which, multiplied by (5) and by 6' s? 2, gives 

Q81 + i«2 = QS(8i + ig 2 )( C os TVq, + \JVq, sin TVg 1 )(cos Vq 2 -{-i sin V§< 2 ) 

= 6 s Q(cos TVq, + UV ?1 sin TV ?1 )(Ch TVq, -{- \UVq 2 Sh TV ?2 ) 

r cos TV 9l Ch TVq 2 ± iUV 9l cos TV 9l Sh TVq 2 t 
~~ 6 L T i sin TV& Sh T V fc + UV ft sin TVq, Ch TV 9 J ; 

6 q _ 6 SQ[ C08 (TVq, ± tTVfc) 4- UV ?1 sin (TV ?1 ± iTVft)]. (6) 
Observing that 

cos (TVq, ± iTV ?2 ) = Ch V( ?1 4- i ?2 ), 
and that 

sin (TV ?1 ± iTV ?2 ) = — Wq, Sh V( 9l 4- t ?2 ), 

and substituting these values in (6), we obtain this other important 

formula 

6 q _ 6 SQ(Ch VQ 4- Sh VQ) . (7) 
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For bivectors, we have, if « = a L -j- \a v provided that « x and a, 
are parallel, 

6" = cos (T« x + iT« 2 ) + Va sin (Ta x + iTa 2 ), 
= Ch a + Sh a. 

5°. The usual algebraic definition of the natural logarithm, applied 
to a quaternion, gives 

e log ' = q. (8) 

Let log q=zp, log q' = />'. 

.•. 6" = q, Q* = ?', 

and by (1) 6 p +*' = ??', 

which gives, for complanar. (but not for diplanar) quaternions, the gen- 
eral formula 

log qq> — log q + log q'. (9) 

This formula, however, is subject to certain limitations as will 
be shown later, in 9°. But in particular and always, we have 

log q = log TqXJq = log Tq -f- log Uq. (10) 

6°. Let logUg = q, where q' is an undetermined quaternion. 

By (5) 

6«' •= Uq — 6 s «'(cos TV?' + UVq' sin TV?'), 
whence, 

SU? = 6 s *' cos TVq' = cos Z ?, 

TYUq = T. 6 s *' sin TV?' = sin Z? ; 

. •. T 2 VU? + S 2 U^ = 6 2S «' = 1, 

. •. 6 S «' = (— )" 1, and Sq' = n Q i; 

where t is the scalar J — l, and n any integer. Comparing these results, 
we find 

cos Z q = (— )" cos TVq', sin Z ? = T sin TV?', 

±TV?' = Z? + £Q, V?' = ± (Z ? + k 0)UV?', 

where A is any integer which differs from n by an even number. But 

± UVq' = UVU?, and V? || VU?, 
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and therefore 

Vq 1 = (Zq + k d)VVq, 
and since 

Sq' — n 9 i, 

.«. q l = nQi+ (Zq + kQ)UVq, 
whence follows the fundamental formula 

logq = \ogTq + nQi + (Zq + kQ)TSVq; (11) 
which can be more accurately written 

log q = log Tq + n Q i + [Zq + (» + 2k) QjUVq. (12) 
If q be negative, this becomes 
log (— q) = log Tq + «Q t + [Z ? + (» + 2k + 1) ©]UV y. (13) 



If £ be a vector, its angle is — and 

log (± a) = log Ta + n Q t ± 2( " + f ' + * 9U«. (14) 

If w = & = 0, and if the real logarithm of Tq be taken, we have 
what Hamilton calls the principal logarithm, or simply the Logarithm, 
of a quaternion, and indicates by using 1 instead of log. Thus we have 

\q = \Tq-\-ZqUVq. (12)' 

The principal logarithm of q is a real quaternion complanar with q itself. 
Its scalar and vector parts are 

S1 ? = 1T ? , Y\q = Zq\JVq. 

7°. The formulae of 4° render it possible to find the logarithm 
of a biquaternion. Let 

log UQ = Q> = q\ + \q' 2 , 

where Q' is an undetermined biquaternion, and Q = q l -|- \q 3 is such 
that UVft = UV&. Formula (6) gives 

SUQ = 6 SQ' cos (TV^ + iTV ? ' 2 ), 

TVUQ = Te s< * sin (TVq\ + iTV^), 

. • . T 2 VUQ + S 2 UQ = 6 2S «' = 1. (15) 
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Let us agree to define the angle of Q as such that 

SUQ = cos Z Q, and TVUQ = sin Z Q. 

This definition will be admissible if it be not found inconsistent with 
other established definitions. Then (15) gives 

SQ' = n t, 
and 

ZQ = TVq> 1 + iTVq> i + kQ, 

m and k being any integers, which differ by an even number. Multi- 
plying Z Q into Wq v we have 

Z Q.UV ?1 = Y(q\ + \q> 2 ) + iaUVfo 

(Z Q + *Q)UV ft = V(^ + i</ 3 ) = VQ', 

or Q' = nQ\ + [Z Q + (n + 2 *)©]UV ft = log UQ. 

Whence, for the general logarithm of a biquaternion, of which the 
real components are complanar, we find 

log Q = log TQ + log UQ 

= logTQ + n0i+[ZQ + (» + 2*)0]TJVft; (16) 

and, for the principal logarithm of such a biquaternion, 

lQ = l-TQ + (ZQ)UV ft . (17) 

8°. For the product of any number of complanar quaternions (when 
the sum of their angles does not exceed 180°) we have by (9) 

log (q. q'. q" ) = log q -f log q' + . . . , 

or 

log nq = 2 logy; (18) 

and since Wq = JJVq' = JJVq" etc., we therefore obtain at once 
from (12) the general formula 

log Ilq = Z log Tq + «0t + [ZZq + (» + 2£)0]UV ? 

= log IlTq + «0t + [ZI7{ + (» + 2^)0]U.V<7. (19) 

This formula gives the principal logarithm only when (JS'Z?) <180° 
(9°). The two expressions of this formula show that in general 
(2Zq being <180°), 

Z.nq = ZZ.q; 

which is otherwise easily seen to be true. 
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9°. The angle of a quaternion has not the usual generality of an 
angle in trigonometry; it is never negative or greater than 180°. 
(19) must, then, be modified as follows, to give the principal logarithm. 
It is easily seen that if 

(2Zq)> 2mQ and <(2m + 1)0, 

Zllq = 2Zq — 2mQ, 
and that, if 

(ZZq)> (2m + 1)Q and <(2m + 2)0, 

Zllq = (2m + 2)0 — ZZq. 

Hence, the principal logarithm of Ilq becomes 

mq = Z IT? -f (ZZq — 2m0)UVy, (20) 

if (ZZq)> 2mQ and <(2m -j- 1)0 ; 
or 

\nq = 2 \Tq + [2Z q — (2m + 2) ]UVy, (20)' 

if (ZZq)> (2m -\- 1)0 and <(2m + 2)0. 

For the power of a quaternion, these formulae become 

V = n\Tq + (nZq — 2m0)UVy, (21) 

if (nZq)> 2mQ and <(2m -(- 1)0 ; 

or \q» = nlTq + [nZq — (2m -f- 2)0]UVy, (21)' 

if (nZq)> (2m + 1)0 and <(2m + 2)0. 

For the principal logarithm of any integral power of a vector : — 

1«*»= 4ri\Ta, 

l«*» + i = (4m + 1)1T« + £0U«, 

l«4» + 2 = (4w-f 2)1T« ± 0U«* 

la* * + 3 = (4« -f 3)1T« — £0U«. 

The cases in which \q n = nly are those in which (nZq)<Q- 
For \q» we shall always have 

lq^ = hTq+±Zq.TJVq, 
* But for Va in this formula, any unit-vector may be substituted. 
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since {Zq) <9 and .•. (I Zq) <9 ; hence, in general, 

i q i = ±\ q . 

Hence 1?¥ = ^\q, if (" Z ?) <9 • 

Again Zq~ 1 = Zq, UYq - * = — U Yq ; and hence 
]q-l = — lTq — Zq.VYq, 
\q- » = — nlT? — » Z g-.UVy, if (» Zq) <Q. 

We see then that, in general, n being integral or fractional, positive or 
negative, and q being any quaternion, 

Iq" = n\q, if — 9 <(» Z ?) <+ 9. (22) 

10°. The following results are deduced immediately from those 
already obtained : — 

1(— q) = YTq — (9 — Zq)UYq 

— \q — QjJYq = \q + ©UV( — q), (23) 

YKq = YTq—Z q.VYq — K\q, (24) 

\q - 1 = — IT? — Z q.VYq = — \q, (25) 

1| = 1T« — 1T(3 + Z JUV0a, (26) 

loft = 1T« + 1T<3 + (9 — Z 2 )UV«(3. (27) 

11°. Suppose a sei'ies of diplanar quaternions to be such that 
Vq = U | , IT?' = UJ, LV = Ui, etc., 

where a, |3, y, S, . . . ra, are any vectors whatever. Then 
U8 = TJq"y, U5(3 - ! = TT?"jf - J = Vq"q>, 
VqYq = Udp 1 ~ i (?«- 1 = U8« - 1, 

and, continuing this process, we shall finally have 

U(y....j»^)=U^ 
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where a is the last vector of the series. Hence, the product of such 
a series of quaternions will be 

q a ...q"q'q = T{q a ...q>'q'q)^. 
The principal logarithm of such a product is 

l(q„ . . . q"q>q) = ZITq + Z1UYZ-, 
or Ulq = ZITq -f Z Ilq.UYIIq. (28) 

The order of the factors must be carefully observed in using this for- 
mula. 

12°. Let us consider the logarithm of the product of a series of 
complanar vectors. 

First, suppose the number of factors to be even. Pair the succes- 
sive vectors, and regard these pairs as quaternions. Since they are 
complanar quaternions, we have, by (20), (20)', and (27), 

1 {a^.c^a^.a^ . . . « 2 „_!« 2n ) = 

In r n -| 

SWa^+yn— 2™)Q— ZZ. a ™ JuVa^, (29) 

where (n — 2m -f- 1)9> (-Z Z% k )>(a-2t»-l)9, 

and where the angles are to be taken positively or negatively according 

as they agree or disagree with 2 . 

Secondly, if the number of factors be odd, then regard their product, 
down to and excluding the last vector a 2n , as the product of a given 
number of complanar quaternions. This product, it will be observed, 
is a quaternion q whose plane is the same as that of the vector factors. 
The remaining odd vector lies in the plane of q; so that qa 2n is a 
vector lying in the plane of q. Therefore the product of any odd num- 
ber of complanar vectors is a vector complanar with those vectors. 
Hence, if cc^a^ . . . !*,„ be the given vectors, 

2n -) 2n 

1 Ka^ . . . « 2 ;) = Z 1T«, + - Vila,. (30) 

2 

a formula true for any odd number of complanar vectors. 
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II. Applications op Quaternion Analysis to Rectification 
op Curves, Quadrature of Surfaces, and Cubature op 
Solids. 

1°. If q = <p (<) be the equation of any curve in space, it is easily 
shown that the complete derivative of q, relatively to the scalar variable 
involved, is the tangent to the curve ; — 

V,Q = <?' = qp' (0- (1) 

Here Tp' is the derivative, and Tg'dt the element, of the arc of the 
curve. Hence, any length of arc will be 



*=/V 



(2) 



2°. Again, the element of double area swept by the radius vector 
will be TVQQ'dt, and any finite area swept by q will be 



A = i f 



TV«/. (3) 



If the surface be plane, we may change the origin of vectors to a 
point in the plane, and so find an area measured from the new origin 
and limited by the limiting positions of the new generating vector. 

Let 8 be the vector of the new origin (from any origin whatever in 
space). Then the generating vector will have the form 

xa = Q — S, 

and the finite area will be 

t t 

A = \ f TV***' = \ f TV( e - 8)q>. (4) 

to to 

3°. If a plane curve be revolved about a given axis lying in Its 
plane, the surface generated will be one of revolution. If q = q>(t) 
be the vector equation of the curve, referred to a point in the axis of 
revolution, Tq'dt will be the element of arc of the meridian (or gener- 
ating curve). Let u be the distance of a point of the curve from the 
axis of revolution, and qo the angle of revolution. Then u&cp will be 
the element of the parallel of latitude, and udyTy'dt the element of 
area. Hence, if « is a unit-vector parallel to the axis, the area of a 
portion of a zone will be 

vol. xm. (n. s. v.) 21 
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S = dJ CuTq' = <lJ Ct.q'Voq. (5) 



4°. The direction of the normal to a surface of revolution is the 
same as that of the perpendicular from the origin (which we still sup- 
pose to be in the axis) dropped on the tangent to the meridian. If p* 
be the tangent to the meridian, the projection of the radius vector q on 
that tangent is 

— oqq, and its length . 

Represent the perpendicular from the origin on the tangent by v. 
Then if Tv be the length intercepted by the tangent, 

^ = !*-&£ 

_ TV — S V — V V _L_ T 2 Y PP f 

TV ~ Ty ~~ TV ' 

and T, = ^. (6) 

This expression gives the length of the perpendicular from the origin 
on the tangent plane, and hence the element of volume swept by the 
radius vector is given by 

£ Tv.ud<pTQ'dt = £ TV(>Q'.ud<fdt. 

The finite volume will therefore be expressed by 



V= £ Cu.TV e( j'. (7) 



5°. "Write q = <p(t, u) as the equation of a surface, with the con- 
dition that t and u are two scalar indeterminates, the changes in t 
determining a series of successive curves on the surface, these curves 
intersected by another series of successive curves determined by the 
changes in u. Then 

D,? = e'i 

will be the tangent to a curve of the first series, and 

will be the tangent to a curve of the second series. The element of 
area of the surface will therefore be TVp'jg^dudi, and the finite area is 

S=fflVM r (8) 
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6°. The direction of the normal to the surface is given by "Vy^'a* 
and the projection of the radius vector on the normal is 

and this is the perpendicular from the origin on the tangent plane to 
the surface at the extremity of q. Its length is 

Tr=± Spp ' lp \ (10) 

Hence, the element of volume swept by the radius vector is 



* T w 2 -!^<^, 



and the finite volume is 



r= iffwj, (ii) 



Here, again, as in 2°, a change of origin will affect the result, and 
give a different portion of the volume. As before, suppose d to be the 
vector of the new origin. Then the new vector, whose extremity 
generates the surface, is to- = q — 8, and the volume swept by ra- is 

r= ijjs«*'y 2 = iffs(g - d) e ' lQ ' r (12) 

« t u t 

7°. The equation of the ellipse may be written . 

q = a cos x -j- jS sin x, (13) 

where a and p 1 are the principal semi-diameters, and x is the eccentric 
angle. Ta = a, Tp 1 = b, and a is perpendicular to /?. By differen- 
tiation 

T> x q = q' = — « sin x -f- p 1 cos x, 

and taking the tensor 



Tg' = s/d 2 sin 3 x -j- 4 2 cos 2 !*; 

= ^ ( a » _ ^) sin 2 * 4- 6 2 . 
Hence the arc of the ellipse is 



X X 

=j Te> = ifi¥— & 2 )sin 2 x-f V. (14) 



324 PROCEEDINGS OP THE AMERICAN ACADEMY 

The integration of this function, of course, involves elliptic functions 
For the circle a = b, and 



= I b = K x ~ x o)- 



8°. The equation of the hyperbola may be written, x being a varia- 
ble analogous to the eccentric angle, 

q = a Ch x + (S Sh x. (15) 

By differentiation 

q' = a Sh x + /} Ch x, 

T(>' = ^o 2 Sli 2 a; + V Ch 2 a; 

= ^(a 2 + 6 2 ) Sh 2 x -f P. 
Hence the expression for the length of the arc is 

X 

* — *o = /V(a 2 -f 6 2 ) Sh 2 x + 6 2 . (16) 

In the equilateral hyperbola a = b, and 

X X 

* — *o = fa sj-Z Sh 2 x -j- 1 = a J\/Ch2x7 

x xo 

The equation of the hyperbola referred to its asymptotes is 

Q^xu + x-^p. (17) 

Whence by differentiation 

q' = « — x— 2 fl. 

Let Ta = A = T0. Then 



T e ' =■£ V 1 — 2x-2SU<^ + iB- 4 , 
and 



,-^if ^+ tfa 'i + 1 . (18) 

J a; 2 

In the equilateral hyperbola, cos J = 0, and 
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9°. The equation of the parabola may be written 

e = f« + *ft (19) 

where a _L @. Then 

q' = xa + (3, 

and if Ta = a, and T(3 == b, 



Tq' = sfch? + b*, 
and 



s — * = jy/aV + b" 

= [fvsv+»>+£sh-^]; 



=£[Tv/f^ T + Sh -'f]:- 

Let » = Sir - * — ; then the expression for the arc becomes 

«-* = £[Sh2r+2*]\ (20) 

10°. The equation of the helix on the elliptic cylinder (or, rather, 
of a curve analogous to the helix) is 

g = a cos x -j- j3 sin x -J- ya;, (21) 

where «J_jS_L 7 _L a, a and (3 being semi-diameters of the elliptic 
base. By differentiation, 

q' = — a sin x -f- j3 cos a; -\- y ; 

T e ' = yV sin 2 a: -f- S 2 cos 2 x -\- c% 

if Ta =zd,T§— b, Ty = c. 



Z 

.'. s — s = j ^(a* — 6 2 ) sin 2 x + 6 2 + c 2 . 



(22) 



This integration, as it should, involves elliptic functions. If the base 
of the cylinder be circular, then a = b, and 



X 

=J\fb* + c 2 = v/6 2 -f- c 2 (* — * ) 



(23) 
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11°. The scalar equations of the cycloid are 

x = a {0 — sin 0), 

y == a (1 — cos 8). 

Let Ta = T(3 = a. Then the vector equation of the cycloid may be 
written 

Q = xTJa. -f yUp 1 = a(0 — sin 0) + (5(1 — cos 0). (24) 
Whence 

(f = «(1 — cos 0) -\- (3 sin 0, 

q' 2 = oc 2 (l — cos 0) 2 + p 12 sin 2 5, 



Tq' = a\]\ — -2 cos + sin 2 + cos 2 



= a^t — 2 cos = 2a sin ^0. 

sin |0 = 4a [cos \0~\. (25) 

» * 

For the complete arc 

s — s = 4a [cos 5"] 20= 8a - 

12°. The areas of the conic sections are easily obtained from for- 
mulas (3) and (4). For the ellipse we have, a and |3 being any two 
conjugate semi-diameters, 

q = a cos x -}- p 1 sin x, 

p' = — a sin x -j- ^ cos x, 
whence 

TVe ? ' = TV(a|3 cos 2 x — (fa sin 2 x) = TVap 1 ; 

... A=\jTN qQ ' = 1^.\_x-x^ 

[x-x ~\. (26) 

^ = J |-[z — *„]• 
The whole area is dab. 

We may change the origin to any fixed point, and so obtain the area 
of any portion of the ellipse. Suppose s is the vector of the fixed 
point, and ta the new radius vector from this point; then the equation 
of the ellipse becomes 

*r = (p — e) = a cos x -f- p 1 sin x — e. 



ab . 
= — sin 

Or, if a 1 ft 

ab 



Whence 



and 



OF ARTS AND SCIENCES. 327 

or' = — a sin x -\- (3 cos x = (/, 
TVW = TV (a§ -\- tot, sin- a; — ep 1 cos a:), 

x 

A = £ fTV(a§ -\- ea sin a; — ap 1 cos a:). (27) 



If the new origin lie anywhere on a or (3, one of the terms of this 
integration disappears. Suppose the new origin is on a ; then 6 = 
ma, where m is a scalar. Hence 



X 

|jTV«p\l 



ab . a 
T S1Q a 



m cos x) 
x — m sin x\ . (28) 



13°. The equation of the hyperbola, 

q = aChx -\- (3Shar, 

will give results precisely similar to those of the preceding section, 
with the hyperbolic sine and cosine everywhere substituted for the cir- 
cular. With the origin of vectors at the centre, the area swept by the 
radius vector is 

A=^sm $ a [x— asj; (29) 

or if a _L § 

This is the area of a portion of the surface exterior to the curve, con- 
tained between the curve and the limiting positious of the radius vec- 
tor. To And a portion of the inner area we need only transfer the 
origin to some point on or within the curve, and proceed as before. 
Suppose the origin to lie on a, at a distance mTa from the centre. 
The finite area is 

A=^- sin I \x — mShxl * . (30) 

In formulae (28) and (30), put m = cos x m and m = Cha:„j, and 
take x m and for the limits. Then if a _|_ p\ the elliptic area (dou- 
bled) is 

A ± = ab[x m — cos x m sin ar m ], (31) 
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and the hyperbolic area (doubled) is 

A, = ab[x m — Cha^ShaJ. (32) 

These areas are those of segments cut by lines parallel to ^. 
14°. In the equation of the parabola 

e— -§-« + *£> 

let Ta = a, Tj3 = b. . In this equation of the curve, a is the diameter 
and $ is the tangent at the origin. We have 



TVqq' = TV(~ «(3 — aftx/S) = TV«/3 ~, 



q' = xa + |3, 
and W=TV 

^ sin fjV=^ [*»-*,»]; (33) 

"to 

this being the area of a sector of which the vertex is at the origin. 
If a _L ft then 

Transfer the origin to any point on the tangent jS. Let 

e = j»j3, 
where »« is a scalar. The new equation becomes 



Whence 



and 



(q — s) = « = — a -f (x — m)(?. 
tir' = xa -(- /3, 
TVww' = Tvf-^- «0 — (a: 2 — xm)a(3] 

- a6 gin * /*, *\ 
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If the sector be cut with one boundary parallel to «, so that at the 
upper limit x = m, while x is taken = 0, then 

ab , ari 1 x s T abx* .a , ., 

4= y sinf[---^]=-sinf. (35) 

This is one-third of the parallelogram formed by the co-ordinates of the 
point at the extremity of q. 

15°. The equation of the cycloid gives the following : — 
e = a (9 — sin 0) + p\l — cos 0), 
q' = «(1 — cos 0) -f- p 1 sin 0, 
TVqq 1 = TV[«pX0 sin 9 — sin 2 5 — {1 — cos 6 }=)] 
= a 2 (0 sin — 4 sin 2 £ 0). 



Hence 



^ = -^ f (0 sin + 2 cos — 2) 

= y [sin — cos + 2 sin — 20~| 

= -y[ 3 sin — 0cos0 — 2 0"P. (36) 



The complete area is A = 33« 2 . 

16°. In 14°, we found for the parabola 

X 2 

T?' = VaV + 6 2 . 
Revolve the curve about (3, the tangent at the vertex. Make 

ax 2 
m — . 

The area of the surface thus generated will be [see (5)] 

.r x 

s = (DJuTq' = at \ jxytfx 1 + j 2 

Xo Xo 

(J) ["( 2 a 2 x 2 + 6 2 )xy/a 2 x 2 -f lA ^_ ou_i ff_"l ^ 

L Wa 16a 2 i_L 
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b* 



= *gEi[Sh4*-4*]', (37) 



where v = Sh — * -y. 

If we revolve the curve about the diameter a, we may then put u 
= bx, and the area of the surface generated will be found to be 

= *|p[Ch 8 «]\ (38) 

where v = Sh — 1 -j . 

17°. Again, in 14°, we found for the parabola, when a J_ (3, 

Whence, for the volume of the solid of revolution (generated by the 
revolution of a sector), the axis being the tangent at the vertex, we 

have, making u = ^ x 2 , 

F = J <1>Ju.TVq S ' =* g JV = * g [*■ — v] ; (39) 

and for the volume of the paraboloid whose axis is the diameter, mak- 
ing u = bx, 

V= * £ j* = "| [* _ V ] • (40) 

18°. For the cycloid we have found, in 11°, 

g = a(d — sin 0) -(- 0(1 — cos 6), 

Tq' = 2a sin$0. 

If we revolve it about the base, we shall have u = a(l — cos 0), 
and the area of the surface generated will be 

S= CuTtf = 2 <Pa? Am £ d (1 — cos (?) 
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i" 

= 8 </Ja 2 fsin 8 £ = 8*a 2 [^ cos 8 £ 5 — cos J <?1 . (41) 

i«o *° 

64 
The complete area is S = — Qa?. 

A 

The area of the surface formed by revolving the cycloid about jj 
would be found by putting u = a(# -«— sin ff) and using formula (5) 
as before. 

19°. The volume generated by revolving a sector of the cycloid 
about its base is 



V— -t fu.TV eQ > = (Jj fi f (1 — cos <?)(<? sin 6 + 2 cos — 2) 


= r/> ^. I (0 sin + 4 cos — £ 5 sin 2 I? — 2 cos 2 — 2) 

0o 

= <P y [5 sin — ~ sin 2 — 0(cos — \ cos 2 + 3)1 * • (42) 
The complete volume is 5 Q 2 a 8 . 

20°. In 7°, we have found for the ellipse 



Tq' = v/(« 2 — J 2 ) sin 2 x -f S 2 = y^ 2 — (a 2 — 6 2 ) cos 2 x. 

The prolate ellipsoid is generated by revolving the ellipse about its 
major axis. In this case, the equation being q = a cos a; -j- p 1 sin a;, 
we shall have 

w = 5 sin ar, 
and for the surface 

X X 

S=d> I n.Ty' = <l>b f sin x\]a? — (a 2 — 6 2 ) cos 2 a: 

COB X 

= $b I \Ja? — c a cos 2 x, 

COS Xq 

where c 2 = a? — b 2 . Whence 

ci J:? r cos x . <* 2 . * c cos r~l* 
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-a-brc cos x I c - cos 2 x , . .ccosx-i* 

= *&L— v 1 — ^-+ sm-1 -^L- 

Let v = sin -1 ; then 

a 

(fib r ~i » 

S — $ Tc [sin 2v + 2v\ . (43) 

For the oblate ellipsoid of revolution, the substitution 
« == a cos x 
gives, by the same method of proceeding as before, 



S = $a I cos x \Jc % sin 2 x -\- 6 2 = $a I yV sin 2 a; -}- 

a:o Bin Ob 

pin x *2 8in x -| x 

= H~TV« 2 sin2 * + * 2 + & Sh — _L 

_ o6 2 re sin a; /c 2 sin 2 x , , _, , csinx-i* 

= * irL-i-V -ir- + ' + Sh " x — X- 



_ _, - c sin x 

Let v = Sh — * — — — ; then 



S = $ ^Tsh 2» + 2»T . (44) 

21°. From the equation of the hyperbola we found (8°), 



Tq' = v/c 2 Sh 2 x -j- i 2 = v'c 2 Ch 2 a: — a 2 , 

where c 2 = a 2 -j- J 2 . Hence, for the unparted hyperboloid of revolu- 
tion, generated by revolving the hyperbola about the axis £J, we put 

w = aChx, 



and find 



* X 

S=$ Ju.Tq' = $a JChxiJe'Stfx+b 3 



, aft 2 rcShx /c 2 Sh 2 x . , . _, , eShx-|* 
= *5|"Sh2» + 2rT, (45) 



where v = Sh — 1 — r— . 
o 

Again, the substitution w = iSha; gives, for the area of the parted 

hyperboloid of revolution, 
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as 

S=$b f ShatyWh 2 * — a 2 

"to 

2c L a Y ° 2 J a -U 

= $ — Sh 2t> — 2v\ , (46) 

4c L -1 vo 



where v = Ch —1 



a 2 6 
P 

cChz 



a 



22°. By the application of formula (7) the volume generated by 
the revolution of a sector of a conic about a principal axis may be 
obtained very simply. With a _L §, the equations of the ellipse and 
hyperbola give 

TV«/ = TV«/3 = ab. 

The substitution u = b sin x gives 

X 

V— \ CuTVqq = i $ a J 2 fsin a; 

= ^ $ oi 2 [cos aTp , (47) 

for the volume enclosed by the prolate ellipsoid ; and the substitution 
u = a cos x, gives 

F= £ $ a 2 J fcos x = £ $ a 2 j[sin *"]*, (47') 

for the volume enclosed by the oblate ellipsoid. 
23°. Similarly, the substitution u = aChx gives 

X 

V= $ !j f Ckc = $ ^[Shx]^, (48) 

for the volume swept by a central sector in generating the unparted 
hyperboloid ; and the substitution u =. bShx gives 

F=*^Sh*=*^[Ch*]^ (48/) 

Xo 

for the volume swept by a central sector in generating the parted 
hyperboloid. 
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The volumes enclosed by the surfaces of the hyperboloids will be 
considered later in connection with the discussion of the general equa- 
tions of the quadric surfaces. 

To obtain the volumes bounded by the general ellipsoids and elliptic 
hyperboloids, it is only necessary, in the results of 22° and 23", by a 
well-known principle, to change a 2 into ac, or J' 2 into be, where c is the 
length of the third semi-diameter. 

24°. The general discussion of the areas and volumes of a very 
important class of surfaces will be facilitated by writing, in each case, 
a quaternion equation of the surface in terms of two independent sea 
lar variables. 

Let a, ft, y — three vectors diverging from the origin — be any 
three axes of the surface whose generating vector is q. Let <r = the 
vector — complanar with q and « — whose extremity describes the 
section of the surface in the plane of (3j\ Write the equation of this 
section in the form 

ff = ¥%y + rM 

and the equation of the surface in the form 

where f v / 2 , etc., are separately functions of a single variable. In this 
equation (49), the two scalar variables are evidently independent of 
each other, a new value of either determining a new point on the sur- 
face ; q will describe, if x remain constant, a section parallel to the 
plane of [Sy, if y remain constant, a section whose plane contains a. 
For convenience we may suppose a _L § _L y. We shall now have 

D x p = q\ = tangent to meridian at extremity of q, 

D„<> = q' 2 = tangent to parallel of latitude at extremity of q ; and, 
performing the differentiation, 

e'i = «//* + a/JX' Q'2 = a'f& 
whence 

W* = Vm 7 /^'* + Vm/fyfiz, 

and, since Yaa 1 and Yaa 1 are perpendicular, to each other, 

vy/ 2 = (/,x)'[vw^)' + vw(/ 2 '*)*], 

or 

TVq'^ =fe VCTWC/i'*)* + T*V<n>(f,'x)*]. (50) 
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This result, substituted in formula (8), gives 

S =fff* x V[TWC/7*) 2 + T 2 W(/ 2 '*) 2 ]. (51) 

Let us now write a system of equations for the quadric surfaces. 
For this purpose we have only to substitute, in equation (49), such 
functions of x and of y as shall cause o", when y varies, and q, when y 
is constant and x varies, to describe conic sections; and any functions 
which identically satisfy the conditions {f\xY ± (fz x Y == *> C/g*)* 
± C/jx) 2 = 1, or any equation of the second degree in f y x, (f^cfy), 
and (fiXfy), will evidently serve our purpose. We may write then, 
for a system of quadric surfaces, the following equations : — 

I. q = a cos x -j- a sin x, 

a = p 1 cos y -)- y sin y ; the ellipsoid ; 
II. q = otChx -)- crShx, 

(T = p 1 cos y -|- y sin y ; the parted hyperboloid, having a for its 
principal axis ; 

III. q = aShx -|- ffChx, 

a = p 1 cos y -(- y sin y ; the unparted hyperboloid, having a for 
its principal axis ; 

X 2 

IV. p = a— 4- ax, 

C = § cos y -\- y sin y ; the elliptic paraboloid, having a for its 
axis ; 

X 2 

v. e = «— -(- to, 

ff = jSChy -j- yShy; the hyperbolic paraboloid, having a for 
its axis ; 
and finally I write 

VI. q = ax -4- ff- 2 -, 

<r = p 1 cos y -)- 7 sin y, as being analogous to IV. and V., though 
not representing a quadric. 

The function TV(/jp' 2 derived from I., — if we observe that Yaa 1 = 
jSy, and make the substitutions f x x = cos a;, y/x = — sin a:, etc., in 
(50), — now becomes 

TV^'jg'j = sin x V(aV sin 2 x -j- 5V cos 2 x) 

a 2,2 J2 f 2 

= s sin x v (a 2 : — ^ cos 2 x), 
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where a = Tot, b = Tp 1 , c = Ty, s = TV. Hence, for the general 
ellipsoid, 

a 2 s 2 _ 6J(.2 



S = I * / sin rv (a 3 5 cos 2 a;) 

= —/*•/ V (a 2 ^ cos 2 *), 



and, if m 2 = 



y cobX 

nV — 6V 



aW ' 



S= I |^- 2m cos a;^(l — "* 2 cos x ) ~f~ ^ sin - 1 (m cos x) , 
y 

P. orS = /£[sin2* + 2»]\ 

where » = sin -1 (m cos a;). 

If the surface be a prolate ellipsoid of revolution, then b =. c = ». 



a 2 &2 

m 2 = — ; — , and 



a result which agrees with that obtained in 20°. 

Repeating this process of integration for cases II. and III., we 
obtain in succession 

II'. S= f s ±[Sh2v — 2vT, 

y 

a 2 s 2 _|_ J2 C 2 

where v = Ch — 1 (mChx) and m? = ^ — ; 

J2 C 2 „2 S 2 

where v = Sh _ x (mSha;) and m? = 5^ — . 

For cases IV. and V., we shall have q' 1 = ax -\- a, (f 1 = rfx, and 

VfVs = ua'x 2 -\- §yx, 
whence 
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where v = Sh —1 -r-\ 

be 



V. = IV'. with a different value for * ; and finally VI. gives p'j = 
ax -\- a, q' 2 = ^ a'x 1 , whence 

Vey 2 = §! — + aa' ~, 
and 

VI ' S =Ifi^ cV + a ^=I^r[ SMv - 4 ^ 

where v = Sh — 1 — -. The equations for the surface generated by 

revolving the parabola about its tangent at the vertex, will be found 
from VI. and VI'. by putting b = c = s, and its finite area is 

s = [y - y.] £$ [smv - 4r] \ 

where t> = Sh — 1 — ■. 
a 

25°. Various forms of equations may be used for the quadrics. 
Thus, the parted hyperboloid represented by III. may also be repre- 
sented by the equations 

q = §Shx -f- cChx, 

a = aChy -f- yShy. 

Again, the unparted hyperboloid represented by IV. can also be rep- 
sen ted by 

q = (3 eos x -\- a sin x, 

a = aShy -f- yChy, 
or by 

Q = ± (3Chx + ffSha;, 

(i = «Chy -)- j-Shy. 

But, with regard to the last two sets of equations, it is to be observed 
that they must be taken together, in order to give a complete repre- 
sentation of the surface, for real values of the variables x and y. For, 
if we use only real values of the variables, the first set of equations 
gives no points of the surface exterior to a pair of planes parallel to 
vot. xm. (n. s. v.) 22 
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the plane of ay, and passing through the extremities of -f- ft and — (?; 
whereas the second set gives no points of the surface contained between 
these planes. These might be called, therefore, supplemental equations 
of the surface. 

If the equations be reduced to scalar forms in rectangular co-ordi- 
nates, they become identical, and their limitations disappear. Thus 
we have : — 

x t = a sin x Shy, x 2 = a Sha- Chy, 

y t = b cos x, y 2 = ± b Chx, 

z 1 = c sin x Chy, z 2 = c Sha; Shy, 

and hence 

o* "t" ft* "T c 2 — * — a 2 ~T~ ft 2 "t" c'i • 

Imaginary values of the variables x and y in the equations would, 
however, make either set complete. 

26°. Formula (11), for finding volumes, is 

y X 

From the equation of the general ellipsoid, it is at once evident that 

Vqq\ = Yolo, Yea? = Vp>, 
whence follows 

Sq(/iq' 2 — Sq' 2 Yqq\ = sin x Sc/Yaa 

= sin x SuYoc' = sin x Safiy = abc sin x. 

The ellipsoidal volume is therefore 

V= -g- / I sin x = $ -g- [cos x — cos ar]. (52) 

4 
The whole volume is V^ - dabc. 

o 

27 Q . From the equation of the parted hyperboloid are easily and 
directly obtained 

Sqq\q' 2 — S(.' 2 Vq ! / 1 = ShxSyVaff 

= ShzSaVW = ShxSafy — abcShx, 
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Similarly the equation of the unparted hyperboloid gives 
SQi/ lQ ' 2 = — CharSff'aff = ChzSwWcr 
= ChaSaj'p 1 = — abcChz, 



and 



v =tff Ch *= ^OI- ( 5 *> 



28°. Formulae (52), (53), and (54), it will be observed, give the 
volume of the portion of space swept by the radius vector ; i.e., of the 
space contained between the surface of the quadric and the two cones 
whose vertices are at the centre, and which are generated by the limit- 
ing positions of the radius vector at the limits of integration ; or, if 
the lower limit .is zero, the volume contained between the surface and 
a single central cone. The volume of the segment cut off by a plane 
perpendicular to an axis; can be found by finding the difference be- 
tween the volume given by the general formula and the whole volume 
of this cone considered as limited by the plane ; but more easily and 
simply by a change of origin, according to the method of 6°, by the 
use of formula (12). 

29°. Beginning with the ellipsoid, let the origin be transferred 
to a fixed point on a, and let sr be the new generating vector. Then 

a = q — ma, 

m being a scalar. Formula (12) becomes in this case 

V X X y 

We have, as in 24°, 

q\ = — « sin x -\- a cos x, 

p' 2 = a' sin x, 
hence 

wSap'jg'a = mS.«( — a sin x -(- a cos x)a' sin x 

= m sin x cos xSccfly = mabc sin x cos x. 
In 26°, we found 

^QQ'iQ'z == a ^ e sm x ' 
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The ellipsoidal volume will therefore be 

V = <? " I (sin x — m sin x cos x) 

X 

= $ ^£ [cos x + f sin 2 a:] "". (55; 

If m be determined by the condition m = cos x, where x is the supe- 
rior limit of integration, then er = a sin x at that limit, showing that 
the volume obtained will be limited by a plane perpendicular to « ; 
and if the lower limit is 0, we have for the volume of a segment : — 

V= $ ~\l — cos x — £ cos x sin 2 xl . (56) 

30°. Similarly, the parted hyperboloid gives 

p'j = aShx -j- aChx, 

p' 2 = a'Shx, 

SpeVA = abcShx, 

mSaQ'j/o't = mS.a(aShx -j- <rCha:)ff'Sha: 

= maJeShzCha; ; 
and 

Sor e'ie'2 =• Sqq'iQ'z — mSa^,, 

the origin being changed to any assumed point on a ; whence easily 
V= $ J^i- f (Sha: — mSharCha:) 

X 

= $ ^£ [Chx — ^ Sh 2 xl * . (57) 

Determining «t by the condition m = Cha:, where x is the superior 
and the lower limit, this formula becomes 

V = $ ~ [Cha: — £ Cha; Sh 2 * — ll ; (58) 

and gives a portion of the interior volume, determined by a plane sec- 
tion perpendicular to a. 

The unparted hyperboloid can be treated in a somewhat similar 
manner. In this case, we may assume 

or = q — aChx = «Sha;, 



OF ARTS AND SCIENCES. 341 

which is equivalent to the condition that w shall be the ordinate par- 
allel to a for any assumed point of the surface. Svjfj^Q.Jdxdy, 
being always the elementary parallel opiped four of whose edges are 
parallel and equal to aShx, will therefore represent the element of the 
volume which we are seeking. By easy transformations, we find 

B^V— Surg/ft/ = StfxChxSaaa' 

= StfxCkxSaPy = ahcStfxChx, 



whence 



V=abc C CstfxChx = $ Y^SMs]*. 



and if we take zero as the lower limit, 

abc I 



F=*f[Sh^]. 



which gives an expression for the volume contained between the sur- 
face and the elliptical right cylinder whose axis is a and whose base is 
the section determined by the vector ffCha;. 

Cambridge, June 1, 1877. 



